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INVARIANT POLYNOMIALS ON LIE ALGEBRAS
OF INHOMOGENEOUS UNITARY AND
SPECIAL ORTHOGONAL GROUPS

BY

S. J. TAKIFF

ABSTRACT. The ring of invariant polynomials for the adjoint action of a Lie
group on its Lie algebra is described for the inhomogeneous unitary and special
orthogonal groups. In particular a new proof is given for the fact that this ring
for the inhomogeneous Lorentz group is generated by two algebraically indepen-
dent homogeneous polynomials of degrees two and four.

During a series of lectures given at the Indian Statistical Institute in 1965,
V. S. Varadarajan proved the following result:

The ring of invariant polynomials for the adjoint action of the inhomo-
geneous special Lorentz group is generated by two algebraically inde-
pendent homogeneous polynomials of degrees two and four.

In this paper a technique used in the above is employed to obtain another
proof of this result. More generally the above ring for the inhomogeneous unitary
and special orthogonal groups is essentially described. A method due to J. Rosen
is used to obtain invariant polynomials for the inhomogeneous groups from those
of the homogeneous groups of next higher dimension.

The author wishes to thank Professor R. Ranga Rao of the University of

Illinois for suggesting the problem and making available the above mentioned
lecture notes.

1. We now present some definitions, notation and preliminary results. Let
7 G — GL(V) be a representation of a group G on a finite dimensional vector
space V. Let S(V) denote the symmetric algebra of V and recall that S(V) =
D -0, (V), where S (V) is the subspace of homogeneous polynomials of de-
gree n. We shall let I(G, V, 7) denote the algebra of polynomials in S(V) in-
variant under the induced action of G on S(V); note that G, V, n) =
@ -otS, (V)N G, V, m)}. Now let V* be the dual space of V and let P(V) =
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S(v¥, the algebra of polynomial functions on V. We define an action of G on
P(V) as follows:

m(@)p(w) = p(a(g= W), peP(V), veV, ged.

Then denote the algebra of all p € P(V) invariant under this action by I*(G, V, n).
Now let B be a nondegenerate bilinear form on V. We can identify V* with
V via B by letting v — v* where v*(w) = B(w, v), v, w € V. Moreover, we define

7*: G — GL(V¥, the representation contragradient to 7, by letting

7 (@v*(w) = v*(m(g™Dw) = Blalg~ Nw, v), ge€G, v, welV.

Finally, let V** be the dual space of V* and identify V** with V via B by let-
ting v — v** where v**(w® = w*(v) = B(v, w), v, w € V. Then the following is

immediate.

Proposition 1.1. Let {vl, e, vn} be a basis for V. Let ¢: S(V) — P(V¥
be defined by letting ¢(p(v, -+, v ) = pwt* .., v¥¥. Then ¢ is an isomor-

phism and it restricts to an isomorphism of I(G, V, ) onto I*(G, V* n¥.

Now let G be a connected Lie group with Lie algebra L and let Ad be the
adjoint representation of G on L. Then we shall let I(L) = I(G, L, Ad) and
I*(L) = I*(G, L* Ad®. Also for x, y € L let ad(x)y = [x, y]. Then ad extends
uniquely to a derivation ad: S(L)— Der(S(L)), the algebra of derivations of
S(L) with ad(w)z = — ad(z}w for w, z € S(L). It is easy to see that I(L) =
fw € S(L)|ad(x)w = 0 for all x € L} ={w € S(L)|ad(z)w = 0 for all z € S(L).

Proposition 1.2. Let L= A @ T be a Levi decomposition of L where the
radical A of L is abelian. Then

(L) = @0{(Si(A)®S].(T))nI(L)§-
i, j=

Proof. Let p €S (L) NI(L); then p = 2;’=0p]. where p. € 5(A) ®s, /(D).
Now for any x € L, we have 0 = ad(x)p = 2;’=0ad(x)p].. If additionally x € A
then ad(x)p_ =0 and ad(x)p]. € S].H(A) ® Sn—j—l(T)’ 0<j<mn-1. While if x €
T then ad(x)p; € s(4) ® S,-AT), 0<j< n It is then clear that the p; are
also in I(L).

The following construction is used repeatedly. Let 7: G — GL(V) be an
analytic representation of a Lie group on a finite dimensional vector space. We
view V as an abelian Lie group and form the semidirect product V Xp G where
(v, g) o', g) =+ nlgh', gg')s v, v' €V, g g €G. Let L be the Lie
algebra of G with Lieproduct [ , ], and canonically identify the Lie algebra of
V with itself. Then the Lie algebra of V x_ G is the vector space direct sum
V & L with Lie product [v, v'] = 0, [x, v] = dn(x)v and [x, x'] =[x, x’]L, where
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v, v' €V, x, x' €L and dn is the differential of 7. We will denote this Lie al-
gebra by V e, L.
If GCGL(n, F) (F =R or C) then we shall always let p: G — GL(F") be

as follows:
P(A)‘(xl, ...’xn)=Al(xl, '“’xn)’ A€G, t(xl’ “_’xn) € F™.

2. Recall $SO(n, C) ={A € GL(n, C)|'AA =1 and det A = 1}; its Lie algebra
80(n, C) = {M € gl(n, C)|M = - ‘M} [3, p. 341]. Assume that n>3 and let C”
denote the complex n-dimensional vector space with basis {el, ceey en} where
e is the column vector with 1 in the jth row and zeros elsewhere. Now form
c” X, $O(n, C) with Lie algebra C” Qap 8o(n, C). Let M,, be the n x » matrix
with — 1 in the (a, b) position, 1 in the (b, @) position and zeros elsewhere.
Then M, =- M, and {el, oo, en} U {Mabll <a< b<n}is abasis for C” ®p
80(n, C); moreover, for 1 <a, b, c, d <mn,

(M M gl =08, My, =8, My +8,,M =8, M,
M,,. el =5

where 8 is the Kronecker delta function. The following is clear.

acs ~ abcea and [ea’ eb] =0
Proposition 2.1. p, = Z=1e§ e (C" ®, 8o(n, C)).
We now pursue Rosen’s technique [5] for obtaining invariants in
cr o, 8o(n, C)) from those in I(80(n,+ 1, C)). Let
T - S(C" @, 8oln, ©) [ p)™ % J;

here (- po)—% and thus T are imbedded in the algebraic closure of the quotient
field of S(C" @,80(n, C)). In T define

Mgy = Mgy 1@ bsm
n
-1/2 _ -
Ma,n«rl =_Mn+l,a=(_ pO) Ja where J, = 2 eyMgp L asm L
b=1
n+l,n+l =0.

Now by Proposition 2.1 ad can be uniquely extended to a derivation ad: T —
Der (T); and a lengthy computation shows the following to be true.

Proposition 2.2.
ad(mab)mcd=8achd—8bc’Ma +8ad’Mcb Ma, 1<a b c,d<n+1.

Proposition 2.3. Let g € S(C" &, 30(n, C)). Assume that ad(M_,)q =0,
1<a<b<m andad(])g=0,1 SaSn—l Then q € (C” o, Qo(n, Q).

Proof. We need to show that ad(e,)q =0, 1 < b< n So we compute for
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1<a<n 0=ad(],)g=Y}. ad(e,M, )g=37_e,(adM,,)g) + M ,(ad(e,)q) =
p=1Mg, (adle, )g).
Moreover by Proposition 2.1, 0 = ad(py)g = 2 12e,(ad(e,)q). However,

_MIZ 0 M23 M2n
My My, 0 e My,
det .
_Mln M2n _M3n 0
e, e, ey e,

= (- Mlz) (- M23) e (=M —l,n) (en) + other terms # 0.

n
Therefore ad(eb)q =0,1<b<n
Now for 1 < j<[(n-1)/2] ([(n - 1)/2] being the greatest integer less than
or equal to (n—1)/2) let

= M M oM M .
Pn, 2j 1.<_“1""'“2,'S" aja, a,d, a2j—1“2j a,,%
And if n is even let
= ;A(G)Mama(z)Mcr(s)om' “ Mot —1)0tn)

where the sum is taken over all permutations o of the set {1, 2, ..., n} with
A(o) =1 (= 1) if the permutation ¢ is even (odd). Then it is well known (see [2],
(4], or [5]) that I(Zo(n, C)) equals C[pn'z, ey, pn'n_l] if » is odd and it equals
C[pn, | ZNPTREER pn,n—Z] if n is even. Moreover, the polynomials
Prar o Ppnet (pn, PO pmn_z) are algebraically independent over C,
for n odd (even).

Finally for 1 <j<[(n-2)/2] let

By 2y = - 2o) Z

1<a,, - '“z,ﬁnﬂ aj1a,; 4,4, 22i-1%2; “%2j%1
Then by Propositions 2.2 and 2.3, the f;n 2j are in I(C" ep 8oln, C)).

3. Let U(n) = {A € GL(n, C)|A 'A = 1} with Lie algebra u(n) =
{M € glin, C)|M = - M} [3, p. 341]. Again assume that n >3 and form C” x
U(n) with Lie algebra C” 8, u(n). Now let V be a complex vector space with
dim V =27 and let {vl, cee, vzn} be a basis for V. Let E_, be the nxn
matrix with 1 in the (a, b) position and zeros elsewhere; then {E_,|1 <a, b<n} is
a basis for gl(n, C). We now form the vector space direct sum V @ glln, C) and
make it into a Lie algebra by letting
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B,y E =8, E, ;-0 4E

ad~cb’
[Eab’ vc] = %3“_(— Vp = V- 1vn+t’7)+ %Bbc(va VT 1Un+a)’
[Eab' vn+C]=l/28aC(V_1vb— )+/8 (V—I‘U ‘|"IJ"+‘z

[va, vb] =0, 1<a, b c, d<n

It is easily checked that this Lie algebra is isomorphic to the complexification of
the real Lie algebra C” ep, u(n). Moreover if 7 is the analytic homomorphism of
GL(n, C) into GL(V) such that dr(M)(») = [M, v] for M € gl(n, C) and v € V,
then it is clear that V X GL(n, C) is a connected Lie group with Lie algebra
Ve, gln, C) equal to the Lie algebra just constructed. The following is immed-

iate.

Proposition 3.1. 940 = 2n 2 ¢ (v 63 gl(n, C)).

a=1"a

Now let T' = S(V ®_ glin, C)) [(- g0)” % 1. In T' we define, for 1 < a, b<n,

_ — -% -1
E(ab - Eab’ Ea, nyl - qO) 2Ka’ Efrz+1, a” - qO) an+a’
n
-1 —
E‘n\»l.m»l = qO) 2 -1 Vgt U‘n+a)Kn+a’
a=1
where
7 _ n
= bzl V-1 vy + vn+b)Eab and K 2 \/_ 1o, + Un+b)Eba'

We see from Proposition 3.1 that ad can be uniquely extended to a derivation

ad: T' — Der (T'); and a lengthy computation establishes the following.

~

Proposition 3.2. ad(E_ ) E_, =8, E,;-8,,E_,, 1<a, byc,d<n+1.

Proposition 3.3. Let q € S(V @, gUn, C)). Assume that ad(E_,)q =0,
1<a, b<n, and ad(K))g=0, 1 <a<2n Then q € (V& gUn C)).

Proof. We need to show that ad(vb)q =0, 1<b<2n Nowforl<a<n we

compute
n —
0=ad(K,)q = ad<b§"’1 W-1 v, + vn+b)Eab)q

= b; EpadW=-Tv, +v )+ (V- 1v, + v,.) @d(E_,)q)

N

= ) EWV=-Tad(w)g + ad(v_,)g).
b=1



226 S. J. TAKIFF [August

Similarly, for 1 <a <mn,

0= ad(K’Ha)q = 2 Eab(—-\/-_l ad (vb)q + ad (vn+b)q).
b=1

However,
Ell Eln
det . . =E,E,, - E,, + other terms # 0;
Epi 0 Epp

and thus ad(vb)q =0= ad(vn+b)q, 1<b<n
Now let D be the matrix

Ell Eln
Enl E,m
and let
9, ;= (D7) = 2 E E ... E E 1< i
n,j 15—“1""’“,-5'1 aja, aja, a;_14; “j“l’ <7<mn,

where tr( ) denotes the trace of ( ). Then it follows from [2] or [4] that
I(gUn, C)) = C[qn.l’ IPTRRED qmn]. Finally let

5 _ 7

T, 1= (00) < % E“’1“23"‘2"3 '”Eaj—l“i “

b
i1

1 <j<n-1. Then by Propositions 3.2 and 3.3 we see that the ‘;n ; are in

v e, gln C).

4. In this section we present the result from Varadarajan’s lectures that we
need. Let (F", G, L) denote either (R”, SO(n, R), 80(n, R)) or (C", U(n), u(n)),
with n> 3. Form F” x G with Lie algebra F" ®, L. Now for x = Xra Xe,y=

Ta17;e; € F" let {x, y) = 2:’= (xy; + x,y,), and note that (Ax, Ay) = (x, y)
for all A € G. Finally let B be the following bilinear form on F"@ L:
B((x, M), (y, N) = (x, y) +trt("MN), x, y € F?, M, N e L.
It is clear that B is nondegenerate and we can then identify (F" ®, L)* with
F" ®p L via B.

Now if x, y € F” then M — (Mx, y) is a real linear transformation of L

into R. Furthermore, if ¢(N)(M) = tf(*MN), M, N € L, then ¢ is a bijective real
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linear transformation from L onto L* Consequently, there exists a unique
Ax, y) € L such that {(Mx, y) = tt(*MA(x, y)) for all M € L.

Pl‘OpOSitiTl 4.1. Let x =Y, Ta1Xep Y= 2?=1yiei € F™. Then Mx, y) is the
matrix with XY= %, in the (i, j) position.

Proof. Let M = (mi].) be an arbitrary matrix in L and let Alx, y) = (Cij)'
Since tr(*MA(x, y)) = :’ =1

n —
e e’ c;; and (Mx, y) =Y, T,j=1Mi* Y We see that ¢
=Xy =XV 1< j<n

ij
Proposition 4.2. Let x, y € F*, A € G and M € L. Then Ad(x, A)(y, M) =
(Ax = AMA™ 'x, AMA™Y) and Ad*(x, A)(y, M)*= (4y, A(x, Ay) + A~ IM*A)%

Proof. The first formula follows immediately, since
Ad(x, A)(y, M) = (d/dt){(x, A)cexpt(y, M) o(x, A)'l§t=0

= (Ax — AMA™ 'x, AMA™).
To show the second, let z € F* and N € L. We compute

(Ad*(x, A) (y, M)*) (2, N) = B(Ad(x, A)~ (2, N), (y, M)
=B((A7 'z + A7INx, ATINA), (y, M) = (A" 'z + A= INx, y) + e (LA~ INAIM)
= (z + Nx, Ay) + t ("A'N' A= M) = (2, Ay) + (Nx, Ay) + er CAINPA=1M)

= (z, Ay) + tt(*NX(x, Ay)) + tr N'A~IMEA)
= B((z, N), (Ay, M(x, Ay) + tA=1M!A)) = (Ay, Mx, Ay) + A= IMEA)* (2, N).

Note. In the sequel we shall omit ‘**’ and ““**’ from elements in dual
spaces.

Let W=1{(y, M) €(F" &, L)Yy £ 0} and let U= {(y, M) € (F" ®, Ly*|y =
Yp€p 0<¥,€R and M= (mi].) with m =0=m, ,1<;j< n}.

Proposition 4.3. W C {Ad*(x, A)U|(x, A) € F" X5 Gl

Proof. Let (y, M) € W and let a=( y, y /2)% >0. Then a”l!y is a vector
in F™ of unit length (with respect to the usual Euclidean metric on F™). Hence
there exists A € G such that Ae = a~ 1y [1, p. 11], and so A"ty = ae, . Now
let tAMIAT! = (mi].) € L and choose x = 2;‘=1x.e. € F™ such that X == m /o,
1<j<m-1,and x,=-m,_ /20. Then Ad*(x, A™D(y, M) = (A", Mx, A7) +
LAMEA Y)Y = (ae,, Mx, ae )+ (mij)) € U. Consequently, (y, M) € Ad*(x, A=}~y
and so W C {Ad*(x, A)U|(x, A) € F" X, Gl.

?. We now apply the results of $4. So let x =2;'=lxjej, y =2;’=1y].e]. €
C” let M, N € 8o(n, C) and let

B’ ((x, M), (y, N)) = 2 Gy, +xy) + e ("MN).
j=1
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2n 2n
Further, for x = ), -Z\x.v,, y= :I)yv, €V and M, N € gl(n, C) let

i=1
Then B' (B") is a nondegenerate bilinear form on C” ®p 8o(n, C) (V O, glln, ©))
and we can identify (C” ®, 2o(n, C))* ((VEB” glln, C))*) with C” o, 8o(n, C)
Ve, gl(n, C)) via B’ (B").
Now let W' = {(y, M) € (C” ®, 8o(z, C))*| 0 £y € R", M € 3o(n, R)} and let
= {0y, M)é(C"GB o(n, C))*\y Ypew 0<y, €R M=(m, )thh m, . =0=
e 1<j<nl Moreover let W' ={(y, M) e(Ve, gln C))*|O £ye 22" Ru,
M € u(n)} and lec U" =1{(y, M) e (V @, gl(n, C))*Iy Yl * Yon€om 0 < Yy =
Yy, €R M= (mi,.) with m . =0=m, 1 < j< n}. Then Proposition 4.3 yields

B"((x, M), (y, N)) = 2(2 (xjy; + x,,“.y,,”.)) + tr ("MN).

the following result.

Proposition 5.1. W' C {Ad*(x, A)U'|(x, 4) € C" x , SO(n, C) and W" C
{Ad*(x, A) U"|(x, A) € V x GL(n, O)}.

Corollary 5.2. Let p, g € I*(C” ®, 3o(n, C)) (Vv o, glln, C))) and assume
that p|U' = q|U" (p|U" = q|U"). Then p=q.

Proof. By Proposition 5.1, p — g|[W' =0 (p — g|W' =0). Since W' (W) is
C-Zariski dense in (C” o, go(n, CN* (V &, glUin, C)) *), we see that p = q.

Proposition 5.3. Let p € I*(C" ®p 8o(n, C)) and let g € I*(V ®, glln, C)).
L p|U" €Cle,, b, 1 Pyy 2 Pyt g0 "5 Pyt nos] i 7 is 0dd.

2. p|U € C[en, Dyt Pp_ 1,40 Pn-—l,n—Z] if nis even.

3. qlU" €Clv,, g,y 1 4200 Dymt,md

Here we identify in the natural way [*(80(n— 1, C)) and I*(gln - 1, C)) as
subalgebras of P((C” o, 8o(n, C))*) and P((V &, gl(n, C))*) respectively.

Proof. By Prop051t10n 1.2 we can assume p € (P_(C™*) ® P, (&o(n, C)*))
N *(C" ®, 8o0(n, C)) and ¢ € (P (C"™*) ® P,(gUn, C) *))ﬁ v e, gln, C)).
Then p|U' = (e )*p’ and g|U" = (v )¢ Whete p € *(8o(n- 1, C)) and q' €
*(glln -1, C)).” The proposition then follows from the statements at the end of

§§2 and 3.

Corollary 5.4. Let n be odd. Then p, 5n,2' pAnA, cee, ﬁn'n_3 are in
*(C" 8, 80(n, C)) and are algebraically independent over C. Therefore

(n-1)/2< tran.deg.c(l *(C" ®, 8o(n, O)) < (= + 1)/2.

Proof. If Q(p, 5n'2, )=0 for Q € C[X,, -+, X(,_y)/,] then

nn3

0=Q(p0' ﬁn,Z’”" n, n— 3)|U ..Q(e, n—l,z"“’pn—l,n—3)°
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Since e, by_y g0 s Py | po3 BIE algebraically independent over C then Q =
0 and we are done.
Recall that » >3 and let m > 2.

Proposition 5.5. Let 0 £ p € (P,(C*™) ® P (30(2m, C})NIHC*" @, 20(2m, C))
and let 0 £ q € (P_(V*) ® P (glin, CO)*)) n 1MV @_ glin, C)). Then a, b and c

are even.
Proof. Choose a positive integer ¢t such that a + 2t > b. If a is odd then
() (o) DIU" = QU3 s Dop_1, 20> Pomet, 2mm2)
= 0(p,, ﬁZm 2,...,[52m 2m—2)|U" 0 EC[xl,---,Xm].

Consequently, ((pO)Z’sz)[U = Q(po, pzm SRR §2m,2m-2)zlul and so by
Corollary 5.2 ([70)2'+1 2 = Qp,, pzm 2t P2m,2m-2)2' But P(C" epgD(Zm, ()]
is a unique factorization domain and p,, is irreducible. Thus since p, appears an odd
(even) number of times in a factorization of ([70)2“’1[.'12 (Q(p, EZm,Z’ cee, £2m,2m—2)2)’
we have a contradiction. Hence a is even and it is clear that b is also even. A sim-
ilar argument shows that c¢ is even.

The following theorem should now be clear.

Theorem 5.6. Let p € (P, (C*™) ® P, (80@2m, C)*) N IC’™ &, 80(2m, C))
and let g € (P, (V*) ® P (gl(n, C)*) N I*(V &@_ glin, C)). Let t =
maximum {0, b — a} and let s = maximum {0, d — c}. Then (po)‘p €
Clog: brmy2r Pomyar sz m-2) @d (q5)°q €Clgy, g, . qn 2 qn,_n—l]

Remark. We note that as in the proof of Corollary 5.4, p,. sz 2t I;Zm rm2

are algebraically independent over C and soare g4, 9, 15 +5 9, ,_-

Corollary 5.7. INC* @ , 804, C)) = Cleg, £ ,)-

Proof. Let p e I*(C* ® 8n(4, O N P, ((C4 ® 8o(4, C))*), and choose
¢t minimal such that (po) pe C[po, p4 S Smce p is homogeneous then (po)tp =
0o XAp, p4 )+ OL(p4 2)1’ for Q € C[XI, X,), a € C, and some positive integer
b. Now if t;é 0 then a £ 0; but then p, d1vxdes p4 , in p((c* &, 8n(4, C)*).
As this is not the case we must have ¢t =0 and p € C[po, p4 2]

Remark. Unfortunately we cannot obtain similar corollaries for

*(C%m ®, 8o(2m, C)), m >3, and (v @, glin, C)), n>3.

6. Now by (1.1) statements similar to those of (5.4), (5.6) and (5.7) can be
be made for I(C" 8, 8o(n, C)) and I(V @, glln, C)), n> 3. Moreover, since
c" GBp u(n) is a real form of V ®_ gln, C) the same can be said of
(g o, w(n)). In fact in (5.4), (5. 6) and (5.7) we can clearly replace C” X5 50(n, C),
c ®, Qo(n, ), Vx, GL(n, C) and V& _ gl(n, C) by R2*® X5 SO(a, b), R**
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@p 80(a, b), C2*0 X, Ula, b), Ca*® ®p uwa, b), a + b > 3, since the latter are real
forms of the former [3, pp. 339-355]. In particular, we see that Corollary 5.7 is
true (with p, and [;4,2 modified) for the inhomogeneous Lorentz group R% x
SO(1, 3) with Lie algebra R4 ®, 8o(l, 3).

P
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